AN ANALOG OF THE CLASSICAL INVARIANT THEORY 
FOR LIE SUPERALGEBRAS. II 



ALEXANDER SERGEEV 

Abstract. Let y be a finite-dimensional superspace over C and g a simple (or a "close" 
to simple) matrix Lie superalgebra, i.e., a Lie subsuperalgebra in qI{V). Under the classical 
invariant theory for g we mean the description of g-invariant elements of the algebra 

= s'iv'' © u{vy © v*p ® n(y)*«), 

where denotes V (B ■ ■ ■ (B V {p summands). We give such description for gl{V), sl{V) as 
weU as osp{V) and their "odd" analogs: q{V), sqiV); pciV) and 5pe{V). 



In 1 32 1 the description of g-invariant elements in 21^'^ was given up to polarization oper- 
ators, i.e., the elements of U{gl{U ^ W)) which naturally act on 21^'^ presented in the form 
S' {U (S>V ^V* (E) W). Here we give a complete description of the generators in the algebra 
of invariants and describe the relations between the invariants of the scalar product type. 

This paper is a detailed exposition of |S3[ with several new results added. It also comple- 
ments and refines the results of ||S2 |. 

§1. Preliminaries 

In what follows &k stands for the symmetric group on k elements. Let A be a partition of 
the number k and t a A-tableau. Recall that t is called standard if the numbers in its rows 
and columns grow from left to right and downwards. Denote by Ct the column stabilizer of 
t, ler Rt be its row stabilizer. We further set 

et= ^ £^(r)crr, et= £{r)ra. (0.1) 

Let N be the set of positive integers, N, another , "odd" , copy of N and let M = N ]J M 
be ordered so that each element of the "even" copy, N, is smaller than any element form the 
"odd" copy, while inside of each copy the order is the natural one. We will call the elemnts 
from M "even" and those form N "odd" ones; so we can encounter an "even" odd element, 
etc. 

Let / be the sequence of elements from M of length k. Let us fill in the tableau t with 
elements from / replacing element a with i^. The sequence I is called t-semistandard if the 
elements of t do not decrease from left to right and downwards; the "even" elements strictly 
increase along columns; the "odd" elements strictly increase along rows. 

The group @k naturally acts on sequences I. Let 21 be the free super commutative su- 
peralgebra with unit generated by For any cr G ©a; define c(/, cr) = ±1 from the 
equation 

c(/, a)xi = x„-ii where xi = Xi^ . . . Xi^. (0.2) 
Clearly, c(/, cr) is a cocycle, i.e., 

c(/, err) = c(cr^^/, t)c{I, cr). 
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2 ALEXANDER SERGEEV 

With the help of this cocycle a representation of &k in T''{V) = V^^ for any superspace V 
is defined: 

crvf = c{I, a^^)v„i, where vj = Vi-^ ® • ■ ■ ® Vi^ and Vi^ G V for each a. (0.3) 

Let {f 1, . . . , f„; Wi, . . . , fm} be a basis of V in the standard format (the even elements come 
first followed by the odd ones). Then the elements vi for all possible sequences I of length 
k and with elements from 

i?v = {l,...,n;i,...,m} (0.4) 

form a basis of r'^(V^). 

The following theorem describes the decomposition of T'^iV) into irreducible x QiiV)- 
modules. 

1.1. Theorem . (Cf. f^.) The commutant of the natural Q\.{V)-action on T^iV) is iso- 
morphic to C[&k] and 

T\V) = © S^® V^, 

X:Xn+i<m 

where is an irreducible &k-module and is an irreducible Ql{V)-module. 
The following refinement of Theorem 1.1 holds: 

1.2. Theorem . Ift runs over the standard tableaux of type A and I runs over semistandard 
t-sequences, then the family {et{vi)} (resp. {etivi)}) is a basis in ® . Moreover, for a 
fixed t the families {et{vi)} and {et{vi)} span V^^. 

Proof follows from results of | |S1| |. □ 
Let U and W be two superspaces with bases Ui and Wj, where i G Ru, j G Rw, respectively, 
and where 

Ru = {l,...,k;l,...J} and Rw = {I, ■ ■ ■ ,p;l, ■ ■ ■ , q}- 

The symmetric algebra S'{U ® W) is generated by Zij = Ui® wj for i G Ru and j G Rw- 
Let / be a sequence of length N with elements from Ru and J a sequence of the same length 
with elements form Rw- Let p{ia) and p{jf3)he the parities of the corresponding elements of 
the sequence. Set a{I, J) = Yl P{'^a)p{ji3) and define an element of S'{U W) by setting 

a>(3 

z(/,j)=(-i)-(^'^)n^w,- (1-1) 

a=l 

For a given tableau t of order we define polynomials 

Pt{I, J)= E <r)c{I, iar)-^)Z{aTl, J), 

(TeRt,TeCt 

Ptil, J)= E ^Mc(/, (ra)-i)Z(ra/, J). 

The Lie superalgebras qI{U) and 0l(W^) naturally act on S'{U W) and their actions com- 
mute. 

1.3. Theorem . S'{U <S) W) = (BU^ ® W^, where and are irreducible qI{U)- and 

A 

qI{W) -modules , respectively, corresponding to the partition A and the sum runs over parti- 
tions such that Xa+i < P for a = min(fc,p) and [3 = min(Z, q). 
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Proof. By Theorem 1.1 

W^^ = ®W^^S^ and U®^ = ® ^ S^". 

Hence, 

S^{U ®W) = {{U W)'^^)^^ = (f/®^ ® w^^)^^ = 

Since (5''^)* ~ 5''^ and since 5''^ and 5''* are irreducible, we have 

{S^ S^")^" = Rome^iS^, ,5^) = if A // and C otherwise. 
Theorem is proved. □ 

1.4. Theorem . Let t be a standard tableau of type A and let I and J be t-semistandard 
sequences. Then the family Pt{I, J), as well as the similar family Pt{I, J), forms a basis in 
the module (8) W^. 

Proof. The natural homomorphism 

(j)N : U^"" ® S'^iU ® W) 

is, clearly, a homomorphism of qI{U) © g[(W^)-modules. It is not difficult to verify that 

4>N{.(^tiyi) ® et{wj)) = c ■ Pt{I, J) for a constant c. 

Let t be a fixed A-tableau, / and J two t-scmistandard sequences with elements from Ru 
and Rw, respectively. Then by Theorem 1.2 the vectors et{vi) ® et{wj) form a basis of a 
subspace L C U'^^ ®W®^ which is also a q\-{U) ©0l(VF)-submodule. By the same theorem, 
L '2±U^ ® and it remains to show that (p^iL) 7^ 0. For this it suffices to show that there 
exists an Z e L such that (f){l) ^ 0. Since (^^{avi (8) crwj) — (pNi^i <8) wj), it follows that 

(t>N{et{vi) ® et{wj)) = c4)N{et{vi) ® wj) = 
c(t)N{cret{vi) (g) awj) = at)N{e^{crvi) ® awj) = 

Therefore, we may assume that the tableau t is consequtively filled in along the rows with 
the numbers 1, 2, etc. Observe that the sequences al and a J remain cri-semistandard. 
Let / = J be the sequence 

1^^^^^^ 2_^^^^^ . . . Qi . ^.a \ . . . Aq+iI . . . Xa+2 . . . 1 . . . A-y, 

Ai A2 \a 

where (Ai, A2, . . . , A^, . . . , A^) is the partition corresponding iot, a — min(dim Uq, dim Wq), 
/? min(dim t/i,dim Wi). 

It is not difficult to verify that (j)N{Gt{vi) ® wi) ^ 0. 

Since is a homomorphism of q\{U) © 0((l^)-modules, its restriction onto L is an iso- 
morphism. This implies the statement of Theorem for the family Pt{I, J). For the family 
Pt{I, J) proof is similar. □ 

Let us elucidate how the results obtained can be applied to the invariant theory. 
Let Q C Q\-{y) be a Lie superalgebra. Under "the invariant theory of g" we understand 
the description of g-invariants in the superalgebra 2l^f = S{U ®V © V* ® W). 

On the Lie superalgebras Qi{U) and naturally act. By Theorem 1.3 we have 
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Therefore, to describe g-invariant elements, it suffices to describe the g-invariants in ® 
V*'' = RomlV, V^). But {V^ V*!")^ = RomgiV^", V^), i.e., the description of g-invariants 
is equivalent to the description of g-homomorphisms of g-modules V^. 

Let us consider how the method works in the simplest example: g = QliV). Let {ci : i E 
Ry} be a basis of \^ in a standard format; {e*} the left dual basis. Set 



It is not difficult to verify that 9 and 9 are g-invariants. 
Set 

TP'«(V) = V^^ (g) V*^'^, fP''^{V) = V*^^ (g) V^'^. 

On TP''^(y) and TP''^(y), the group &p x &g acts and its action commutes with that fo QliV). 
Hence, &p x &q also acts on the space of g[(\^)-invariants in TP''^{V) and TP''^{V). 

§2. The invariants of Ql(y) 

Set V^- ^Xt*! , . . . , ^rii'! • • • 7 '^rfri) and Vg (^Is 7 • • • 7 •^ns 1 7 • • • 7 •^rhs ) ; where Xt'^ 

tir ® Cj and = e^* ® w^, i.e., f^* is a row vector and is a column vector, so their scalar 
product is equal to {vr*,Vs) = "^XriXis*. 

i 

2.1. Theorem . The algebra of qI{V) -invariant elements in 21^'^ is generated by the ele- 
ments {vr*,Vs) for all r G Ru, s G Rw- 

Proof. Let A be a super commutative superalgebra, L a g- module; let La = {L (g A)q and 
gA = (g ® A)o. 

The elements of S'{L*) may be considered as functions on La with values in A. Let I G 
La = {L'^A)q = (Hom(L*, A))q. Therefore, / determines a homomorphism (pi : S{L*) — > A. 
Set 

/(/)=0K/)for any/G5-(L*). 
Observe that Qa naturally acts on La and on the algebra of functions on La- □ 

2.1.1. Statement . ( |S2| ) Let A be the Grassmann superalgebra with more indeterminates 
than dimLj. The element x of S{L*) is a Q-invariant if and only if x is a QA-invariant when 
considered as a function on La- 

2.1.2. Proof of Theorem 2.1. Let denote V Q) ■ ■ ■ ® V {p summands). Set L = 

VP © n(V")'' © © n{V*y; then S{L*) = 2tf'J and we can consider La as the set of 

collections 

C = {Vi, ---,Vp,Vi,---,Vq,vl,..., Vl, Vi,---, Vj), 

where Vs E V ^ A and G Hom^(V" ® A, A) and the parity of these vectors coincide with 
the parities of their indices. 

Let us write the vectors with right coordinates and the covectors with left ones: 



auCi 



Consider now the elements of 2t^'^ as functions on C, by setting 

^isi^) = xli{C) = ati- 

Therefore, thanks to 2.1.1 it suffices to describe the functions on C contained in the subal- 
gebra generated by the coordinate functions ?? and invariants with respect to GL{V A). 
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Now, since the scalar products turn into scalar products under the qI{U) © 0[(iy)-action, 
it is sufficient to confine ourselves to the invariants in 21^'^. 

Denote by M the set of collections {vi, . . . ,Vn:Vi, . . . , Vm) that form bases oi V <Si A. In 
Zariski topology the set M is dense in the space of all collections. If / is an invariant and 
£ G M, then there exists g G GL(y ® A) such that gvi = Cj for each i 

Therefore, f{£) = f{gC-) = /(ei, . . . , e„, gv\^ . . . , gv*^) and f{C) is a polynomial in coor- 
dinates of the gvf. But {gv^, Cj) = (v g~^ei) = Vi) which proves the theorem. □ 

Corollary . The nonzero qI{V) -invariants in T^'^ only exist if p = q. In this case the 
&p X &p-module of invariants is generated by the images of the canonical elements 9'^^ in 
TP'P and § in fP'P. 

Consider now the algebra homomorphism 

S-{U ^W)^ Ur^Ws^ {v;,Vs). (2.1) 

The kernel of this homomorphism is the ideal of relations between the scalar products. 

2.2. Theorem . The ideal of relations between scalar products {v*,Vs) is generated by the 

polynomials Pt{I, J), where t is a fixed standard rectangular [n + 1) x (m+ 1) tableau, I and 
J are t-semistandard sequences with elements from Ru and Rw, respectively. 

Proof By Theorem 1.3 S'{U (^W) ^ and 

A 

^^ip^'1 = s'{u ®v ®v* ®w) = s-{u (^v) ® s'{v* ®w) = (©t/'^®v^)® (©(v^*)"®iy"), 

hence, (21^'^)^'^^^ = © ® W^. Since homomorphism (2.1) is a homomorphism of 

qI(V) © gl{W)-modu\es, its kernel coinsides with © [/-^ (g) W^. 

X:X„+i>m+l 

Let be a (n + 1) X (m + 1) rectangle. The condition A„+i > m + 1 means that X Z) u 
and by Theorem 1.3 it suffices to demonstrate that Pt{I, J), where t is a fixed standard 
rectangular tableau of size A, belongs to the ideal generated by U'' (8) W^. 

Let et be the corresponding minimal idcmpotent, the minimal idempotent for a stan- 
dard tableau s of size u. Decomposing Rt with respect to the right cosets relative Rs and 
decomposing Cj with respect to the left cosets relative Cg we obtain a representation of 
Cf in the form ^TjCsCTj. This implies that Pt{I, J) is the sum of polynomials of the form 
fiPt^{Ii, Jj)(t>ji i-e., belongs to the ideal generated by the Pt{I, J)- □ 

§3. The invariants of si{V) 

First, let us describe certain tensor invariants. Obviously, all g[(K)-invariants are also 
s[(y)-invariants. Therefore, we will only describe the sl(V)-invariants which are not 0^(V^)- 
invariants. Denote by 9^ = 9"^^ the invariant in T^'^ and by 9^ = 9"^^ the invariant in T^^^^ 
and for a given sequence / with elements from Ry set 

vi = Ci^® ■ ■ ■ ® and = e*^ ® • • • ® Cj* . 

Let us represent siiV) in the form g = 0_ ©0o©0+; where = Qq and Q± are the go-modules 
generated by the positive and negative root vectors, respectively. 

Let {Xa}aeR- and where i?^ are the sets of positive (negative) roots, be some 

bases of g_ and 0+, respectively; set X_ = Yl-^a and = Yl-^P- The elements X± are 
uniquely determined up to a constant factor because the subalgebras Q± are commutative. 
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3.1. Lemma . Let M be a Qo-module and M = md^^^{M) be the induced Q-module. Then 
each of the correspondences m i— >• X+X_m and m ^ X_X+m is a bijection of M^" onto 

Proof. As follows from Lemma 4.2 below, dimM* = dimM^. Therefore, it suffices to show 
that the correspondence m i— > n = X^X_m is injective map of to M^. The injectivity 
is manifest, so we only have to check that the image is g-invariant. Clearly, g+n = Qoti — 0. 
Therefore, it suffices to verify that X^^n = for every simple root a. This is subject to a 
direct check with the help of the multiplication table in qI{V). □ 

3.2. Lemma . LetVi andV2 be finite dimensional Qo-modules. Set Qj^Vi = Q-V2 = 0. Then 

mdl^,^V, ind«„es-(^2) mdl{V, V2). (3.2.1) 
is an isomorphism of Q-modules. 

Proof. Since the dimensions of both modules are equal, it suffices to show that the natural 
homomorphism 

indliV, V2) indl^,^V^ ® ind«„es-(^2). (3.2.2) 

is surjective, i.e., the module generated by Vi (8) V2 coinsides with the whole module. 

The module in the right hand side has a natural filtration induced by filtrations of the 
modules indg^j^g^Vi and indg„0g_ (V2). Let the Xa be a basisi of 0+ and a basisi of 0_. 
Consider the module W generated by Vi ® V2, i.e., by the elements of filtration zero and the 
element 

w = X_a^ . . . X_ai^vi ®Xfi^... Xp^V2. 

We have 

w = X_a^ (X_„2 . . . X_c,^vi (g)X^^... Xf)^V2) ± X_^^ . . . X_a^vi (g) X_^^Xp^ ...Xp^V2 = 

Vl^Xp^ . ..Xi3^V2)± 

±X^a2 ■ ■ ■ X-ak^l (g) (^ . . . Xp^_^ [X^ai , X|3^]X,3^^^ . . . X^;V2. 

i 

Since each summand is of filtration < k + I, they belong to W by inductive hypothesis; 
hence, so does w eW. □ 

Let t be a tableau consisting of m columns and n + k rows and filled in as follows: first, 
we fill in the tableau ti that occupies the first n rows, next, the tableau t2 that occupies the 
remaining rows, both tableaux are filled in consequtevely column-wise. 

Let s be a tableau consisting of n rows and k + m columns and filled in as follows: first, 
we fill in the tableau Si that occupies the first k columns, next, the tableau t2 that occupies 
the remaining columns, both tableaux are filled in consequtevely column-wise. 

Let Ik be the sequence obtained by /c-fold repetition of the sequence 1, 2, . . . , n; let be 
the sequence consisting of k copies of 1 in a row, next k copies of 2 in a row, etc., k copies 
of m in a row. 

3.3. Theorem . In f^rn+k)n,{n+k)m(y^^ ^/jg element 

Cs X et{Vj^ ® 9nm ® Vj^) 

is an sl{V) -invariant. 
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Proof. Let be any positive integer. Consider the map : T^'^[V) — > T^''^{Vq) such 
that 0(Vi) = = 0. Clearly, is an ©at x ©Ar-module homomorphism because it is 

induced by projections of V and V* onto their even parts. 
Take and from Lemma 3.1 and consider the map 

Clearly, is an S^r x ©jv-module homomorphism. 

Let us consider the restrictions of the maps and -0 onto r^.^(\/)fl'(v) and T^'^ {Vo)^^^^o) ^ 
respectively. 

Clearly, (p sends the first of these spaces into the second one, whereas by Lemma 3.1-0 
sends the second of these spaces into the first one. Theorem 1.1 implies that, as &n x &n- 
modules, the spaces T^'^(\/)0'(^) and T^^'^ {Vo)^^^^o) have simple spectra. 

Let S^(g)S^ C T^'^(\/)9f(v) ^hile S^(g)S^ C T^'^(Vo)^'^^"^ correspond to a typical diagram 
A and both are nonzero, i.e., \n> m and Xn+i = 0. Then the simplicity of the spectrum and 
Lemma 3.1 imply that and ip are, up to a constant factor, mutually inverse isomorphisms 
of the modules and S^(S> S^. 

Let 

T a 

be the decomposition of the column stabilisor Ct of the tableau t with respect to the left 
cosets relative the product of the column stabilisors of ti and t2 and same of the row stabilisor 
Rs. Then 

T C 

It is easy to verify that 

0+(yo) = = = = 0. (3.3) 

The vector X+es(i'|^ ® vj^) belongs to a typical module, is a highest one with respect to 
0+ © (0o)+ and nonzero, where (0o)+ is the set of strictly upper-triangular matrices with 
respect to the fixed basis of Vg. But (0.2) implies that es{v}^ ® v}^) is also highest with 
respect to 0+ ® (So)+ and hes in the same module. This shows that 

X+es{v*j^ ®v*jj =c- es{v*j^ where Cy^O. 

Further, from Lemmas 3.1 and 3.2 it follows that the vector 

is g-invariant because es{v}^ ® v]^) ® et{vj^ (g) vji^) is gg-iiivariant. We make use of the fact 
that X+et{v}^ ^ v}^) = to decuce that 

w = X^X+ [e,{vl (g) v}J (g) et{vi^ vjj] = X_ [[X+es{v*j^ O v}J] (g) et(^;j^ vjj] = 

const • X-[e,(^;|^ 't;}J ® et(^;J^ ® -ujj] = 

E£(t)(J X T {X4es,es,(v*j^ (g ^;^^) (g et,et2(^;/^ (g = 

(T,T 

E£(r)a X T (e3i(i;|J ® ^-[e.^^^L) ® et,(^;,^)]et,(wjj) = 
E£(t)(7 X T (e,,(^;|J X_X+[e,,(^;|^) et,(^;7^)]et,(vjj) . 

(T,T 

Further on, 

0(6^2 X eti(4m)) = X eti(0(4m)) = x et,(^ < (g) v^). 
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where L runs over all the sequences of length nm composed from the integers 1 to n. But, 
as is not difficult to see, 

X eti(^< ® vl) = const ■ es^{vjj et,{vij, 

hence, 

X_X+es2{vjJ ® et^ivij = const ■ e^^ x es^{9nm)- 

Therefore, 

w = const ■ ^ £(t)(7 X T (es.,{vjj (g) e^^ x et^{9„m) <S) et^{vj)^ = x et{vj^ ^„,„ vj) 

(T,T 

which proves the theorem. □ 
Proof of the following theorem is similar. 

3.4. Theorem . The element esXet{vif^^9nm'^v} J inT'^''n+kn,nm+km(y^ is sl{V) -invariant. 

3.5. CoroUciry . Let L eh the sequence with elements from M. Set 

p{L) = ^pih), a{L,L) = Y^pik)pih)- 

Under notations of Theorems 3.3, 3.4 the invariant elements can be expressed in the form 
Cs X ~et{vl ® ® Vjj = ^^(-l)^ (^)+'^(^'^)e,(^;;^ ® ® et{vL ® vjj (3.5.1) 

L 

and 

Cs X et{vi, ® 91^ vX) = ^(-l)"(^'^)e,(^;4 (g) vl) et{vl v^), (3.5.2) 

L 

where the sums run over all the sequences L of length nm with elements from Ry- 

Proof. It is easy to verify that 9nm = ^(— l)"^^'^)"'"^'^'^)^^ ® vl, which immediately implies 

L 

(3.5.1). Formula (3.5.2) is similarly proved. □ 

3.6. Recall the definition of Ry, Ru ^-nd Rw (0.4) and (0.5). For any sequences / and J 
denote by / * J the sequence obtained by ascribing J at the end of /. Let now / be the 
sequence of length {k + m)n with elements from Ru, let J be the sequence of length {k + n)m 
with elements from Rw, let / be the sequence of length {k + n)m with elements from Ru 
and j be the sequence of length {k + m)n with elements from Rw- 

For any sequence L of length nm with elements from Ry we define: 

P,(J, 4 * L) e S\U ® V), Pt{L * Jfc, J) e S-{V* W); 
Pt{i,L*Jk)eS-{U®V), Ps{Ik*Lj)eS-{V*0W). 

Theorem . The algebra of sl{V) -invariant elements in 21^'^ is generated by the elements 

i) {v*,Vs), where r e Ru and s G Rw! 

ii) Fk{I, J) = Ps{I , h* L)Pt{L* Jk, J), where I is an s-semistandard sequence 

L 

and .J is a t-semistandard one; 

iii) F_,(/, J) = ^(-l)"(^.i)+fW(fa)+f(^))p,(4 * L, J)P,(/, L * Jfe), 

L 

where I is an s-semistandard sequence, J is a t-semistandard one and L runs over all the 
sequences of length nm with elements from Ry. 
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Proof. For Young tableaux A and /i we have 

The dimension of this space is equal to either or 1. It is equal to 1 only if A = /i or both 
of them contain a n x m rectangle and Xi = fii + k for i = 1, . . . ,n and A^ = fi'j + k for 
j = 1, . . . ,m and any G Z. 

To prove the theorem, it suffices to show that for the above A and fi the module ® V*^ 
containes an invariant which can be expressed via the invariants listed in the theorem. By 
| 52| such an invariant exists. Under the canonical homomorphism of the tensor algebra 
onto the symmetric one, the invariants of the form i)-iii) turn into a system of generators. 
Theorem is proved. □ 

3.7. To the invariant element in j'Hi^+k),m(n+k) f^y^ there corresponds an invariant operator 
2-m(n+fc)(^y^) — ^ ri.n{m+k)(^Yy rj.^ dcscribc it, obscrvc that Ct can be represented as Ct = 
]J (Cij X Ct^)'^', the decomposition into right cosets relative the product of the column 

stabilizers of tableaux ti and let Z be a collection of their representatives. Define 

Lemma . Let C be an invariant operator corresponding to Cg x et{vj^ ® 6nm ® ^j^)- Then 
C-{et{vL)) = const ■ C{vl) = es{vi^ (g) D* j^ct^ '^e{Ti)'KVL). (3.7) 

Proof. To 9nm there corresponds the identity operator id : y®"™- — ^ y^nm.^ hence, to 
9nm ® v}^ there corresponds the operator D : — ^ y^nm ^ ^ 

there corresponds the operator vj^, ®Dj^] finally, to x 64(^4 ®6nm®v*j^) there corresponds 
the operator Csivi^ ® Djjct- Hence, 

'CietivL)) = CsVj^ (g) DjJe^{vL = ciCsVi^ ® Dj^)et{vL) = ci ■ C{vl) = 

TT TT 
TT TT 

The last equality follows from e^et^ = £265. □ 

3.8. Let us consider the case = 1 in more detail. Let L be a sequence of length nm + rn 
with elements from Ry, considered as a t-tableau. 

In each column L, mark an "odd" element so that all the elements marked, say, / = 
(/i,...,/m), are distinct. The pair (L, /) will be called a marked tableau. Introduce the 
following notations: q for the parity of the z-th column, di for the parity of the last elelment 
in the i-th column, hi for the parity of the column under the z-th marked element, \bi\ for 
the number of elements in the z-th column under the z-th marked element, e{l) for the sign 
of the permutation / = (/i, . . . , /„) and £:(L, /) = {—1Y^^'> e{l)] set further 

e{L) = C2 + C4 + ■ ■ ■ + ^2 + 4 + • • • ; q{,L) = hi + \hi\+h2 + I62I + • • • • 

Theorem . The invariant operator is of the form 

'C-{et{vL)) = const ■ C{vl) = const ■ e{L)^e{L,l)es{vi^ (g vl\i), (3.8) 

(L,0 

where the constant factor does not depend on L. 
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Proof. Since for the representatives of the cosets of (5„+i/(5„ we can take a collection of 
cycles, we may assume in formula (3.7) that 

vr = TTi . . . TTm, TTjTTj = TTjTTi for any 

Hence, tt^ = 1. Furhter on, Dj^Ct^ 'Y^e{TT)TTVL 7^ if and only if the last row of vrL for some 
TT is, up to a permutation, a permutation of {1, . . . ^m}. 

The set of marked tableau (L, /) is in one-to-one correspondence with the set of pairs 
(L, vr) such that the last row of ttL is, up to a permutation, {1, . . . ,m}. Indeed, from the 
pair (L, /) determine vr = tti . . . Tr^, where TTj is the cycle that shifts the elements under the 
i-th marked one one cell up along the column and places the marked one at the bottom. If 
the marked element lies in the last row, we set tTj = 1. 

And, the other way round, given vr, we mark 7r(/ci), . . . , ^{km), where (/ci, . . . , km) is the 
last row of L. Hence, (3.7) implies that 

^(^i) = '^5{L,l)es{vi^ ®vl\i), 

{L,l) 

where 5(L, I) is a sign depending on (L, I). Direct calculations of this sign lead us to (3.8). □ 



§4. The absolute invariants of ospiy) 

Let A = U{o5p{V))[e] be the central extension with the only extra relation e"^ = 1. 

On A, introduce the coalgebra structure making use of that on U{o5p{V)) and setting 
e ^ e ^ e. Assuming that e acts on V as the scalar operator of multiplication by —1, we 
may consider V as an A-module. Using the coalgebra structure on A, one can determine a 
natural A-action in T^''^(V^) and 21^'^. So, we can speak about A-invariants in these modules. 

4.1. Lemma . Let gl{V) = = fl- © So © Q+, as in §5 and let M be a go-module. Set 
g_i_M = 0. There is an isomorphism of osp{V) -modules 

indS.(M)^ind::;|;;j^(M). (4.1) 



Proof. Cf. ||S2|, Lemma 5.1. □ 



4.2. Lemma . Let g be a Lie superalgebra and the representation of gg ii^ ^he maximal 
exterior power of gj is trivial. Then there is an isomorphism of vector spaces 



ind^_(M)9 ~ 



Proof. Cf. ||S2||, Lemma 5.2. 



(4.2) 
□ 



Remark . Statements similar to Lemmas 4.1 and 4.2 hold also for ?7(osp(l^))[£:]-modules. 
One can refine Lemma 4.2 and prove that if f o G M is gg-invariant, then the corresponding 
to it g-invariant vector is of the form . . . ^nVo+ terms of lesser degree. 

4.3. The presence of an even ospiV)- and A-invariant form on V determins an isomorphism 
of A-modules and algebras 21^'^ = 21?+'=''?+'. Therefore, we may assume that = Z = 0. By 
definition, the Lie superalgebra ospiV) preserves the vector 

n r 

e* © e:_,+i + 5^(ei^ © e| - e| © e^^), 
i=i j=i 
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where dim\^ = (n|2r). Therefore, the scalar products 

n r 

(vs, = Y^xl^xU^,, + (-l)-W Y.^x*—^,^xl, - x^x^,^, (4.3) 
i=i j=i 

where s,t E Rw, are ospiV)- and A-invariants. 

Theorem . The algebra of A-invariant elements in W''^ = S'{V* ® W) is generated by the 
elements {vg, Vt) for s,t E Rw- 



Proof Cf. |S1, Theorem 5.3. □ 

4.4. Let J be a sequence of length 2k with elements from Rw- Determine an element 
X{I) e S-{S\W)) by setting 

— Xi^i^ . . . a^j2fc-i*2fc5 

where the canonical image of the element Wi ® Wj G S'^{W). 

Let t be a tableau of order 2k with rows of even lengths. Then an "even Pfaffian" is 
defined: 

Pftin= E e{T)ciI,{ar)-')XiarI). (4.4) 

Theorem . a) S' {S'^{W)) = (BW^, where the length of each row of X is even. 

b) Let t be a X-tableau filled in along rows with the numbers 1,2,.... Then the family 
Pft{I) for the t-standard sequences I is a basis ofW^. 

Proof. On T'^^{W) = ly^^fc ^j-^g group ©2^ and its subgroup Gk = &k ° ^1 naturally act; 
namely, &k permutes pairs (2i — 1, 2i) whereas Z2 permutes inside each pair. 
Clearly, S''{S\W)) = T^f'iWf^. 

But, on the other hand, T^''{W) = © S^^W^, so T^^{W)^'' = © {S^ f>=®W^. Hence, in 
the decomposition of S^{S'^{W)) only enter for which (S^)'^'' 7^ and their multiplicity 
is equal to dim(S'^)'^'=. 

But 

(^^)^'==HomG,(indg(id),^^), 

so the multiplicity of in S''{S'^{W)) is equal to that of in ind®^(id). By [0 it is equal 
to 1 if the lengths of all rows of A are even and otherwise. This proves a). 

b) Consider now the natural map T'^^{W) — > 5''^ (5*^(1^)). For the tableau t from the 
conditions of the theorem and the sequence / the vectors et{wi) form a basis of W^. So the 
images of these vectors (which are exactly the Pft{I)) form a basis of C S^{S^{W)). □ 

4.5. Consider the algebra homomorphism 

S-{S^ * W)) ^ S-{V* © W), Xst ^ {vs,vt). (4.5) 
Its kernel is the ideal of relations between scalar products. 

Theorem . The ideal of relations between scalar products is generated by polynomials Pft{I), 
where t is a (2r + 2) x (n + 1) rectangle filled in along rows and I is a t-standard sequence 
with elements from Rw- 



Proof. By Theorem 4.3 



s{v* ®wr = ®{v*''r = © w 

A A„,+-| <2r 
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Hence, the kernel of homomorphism (4.5) is equal to © W^. Let us prove that it is 

A„+i>2r+2 

contained in the ideal generated by W^, where A is a (2r + 2) x (n + 1) rectangle. 
Let /X D A and Cg the corresponding idempotent. Then Cg = ^TiCtaj. Hence, 

Thus, Pfs{J) = J2fijPfTit{Jij) and we are done. □ 

§5. The relative invariants of osp{V) 

The invariants of osp{V) are, first of all, the ones generated by scalar products. To 
describe the other invariants, let us describe a certain invariant in the tensor algebra. Let 
diml^ = n|m. For i e Ry define i by setting 



i — n — i + lifiis "even" and m — i + 1 if i is "odd" . 

Let / = iii2 ■ ■ ■i2p be a sequence of even length with elements from Ry and /* the set 
consisting of the pairs (i2a-i,^2a) for a < p such that i2a-i 7^ i2a- Let t be a rectangular 
n X m tableau consequtively filled in along columns from left to right and / a sequence with 
elements from Ry- Let us fill in the tableau t with elements from /: replace a with ia- Let 
T be the set of sequences / such that all the rows of t except the last row are of the form 

iiii . . . irir for r = -m, 

while the last row J should be such that if j e J, then j G J and J consist of pairwise 
distinct "odd" elements. 

Let / G T. Set r = |m, let v be the total amount of marked pairs from the last row 
consisting of pairwise conjugate "odd" elements that do not belong to N{L); let ni, ... , rii, 
the multiplicities with which these pairs enter the last row and N — ni + ■ — h nj,; let ct; be 
the l-th elementary symmetric function. Set 

s+u 

K{I) = ^(7V + l)^2'-«(r - ?)!7VV,_,K, . . . , n,) 

q=s 

and d{I) = d{h)d{h) . ..dihr-i), where d{J) = see (L2)??. 

5.1. Theorem . In Ues an osp{V) -invariant element 

Vm+i = J2diI)KiI)es{vi,(^vi). (5.L1) 



Proof. Set 



The map 



c{i,i) = 



if p{i) = or i < i and p{i) — 1 
if i > i and p{i) — 1. 



is an isomorphism induced by the invariant bilinear form and O2 = '^ih ® an 

ieRv 

05p (\^)-invariant. 
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Let t be a rectangular (n + 1) x m tableau as in Theorem 3.8 and J a t-sequence such 
that after being filled each row J is of the form jiji . . . jrjr- Denote by 7i the set of such 
sequences J. Then 

^~ = ^?^("+^^"^=$^d(J)c(JK, (5.1.2) 
where Ji, ... , J2r-i are the columns of the tableau t and where 

d{J) = d{Ji)d{J3) . . . d{J2r-l) while c( J) = c( Ji)c( J3) . . . c( J2r-l) 

whereas c{Ja) = H 
ieJa 

The element (5.1.2) is an 05p(V^)-invariant; having applied to it the operator C from 
Theorem 3.8 we get another osp(l^)-invariant: 

£(^~) = J]d(J)c(J)£(T;j) = J]d(J)c(J)£(J)£(J,Oe,(^;,,®^;jv), (5.1.3) 
J j,i 

where 

£{J) = JJ £{J2i-i * J2i): e{J, I) = sign(/) JJ £( J2i-i * ^2j, ki-i * hi)- 

l<i<r l<.i<r 

For the collection (J2j-i, J^iihi-iihi) define the sequence (hi-ijhi) as follows: if Z2i-i and 
l2i lie in the same row just strike them out, if /2i-i and l2i lie in distinct rows we strike 
them out and place their conjugates, hi-i and l2i, in the last row in the same columns. The 
sequence / takes the form (Ji, I2, . . . , l2r-i, -^2r)- It is not difficult to verify that 

es{vj^ <8) vj\i) = sign(Z)£( J, l)es{vi^ ® vj) and d{J) = {-iyd{I)e{J). 

Therefore, 

jC{0) = {-iyY,sign{l)c{J)d{I)esivi,^vi). 

The constant factor, the sign, can be, clearly, replaced with a 1. If / is of the above form, 
then in the last row for some values of i the pairs {hi-ijhi) are conjugate whereas all the 
remaining values of i are odd and pairwise distinct, call them /* = {ki, . . . , k2p}. Set 

c{I) = sign(A;i, . . . , A;2j,)(-1)^ c{i2a-i, «2a), 

where sign(A;i, . . . , k2p) is the sign of the permutation. Then c{J)e{l) — c{I) and, therefore, 

C{e^+i) = Y,c{I)d{I)e,{vi,^vi). 
j,i 

To complete the proof, it suffices to calculate the number of pairs( J, /) that give the sequence 
7 which leads to formula (5.1.1). □ 

5.2. Theorem . The algebra of osp{V) -invariants is generated by the polynomials 

i) {vs,Vt) for s,t E Rw and 

ii) R{J) = '^d{I)K{I)P fs{Ii * /, J) for every I G T and every s-standard sequence J 
with elements from Rw- 
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Proof. Let / be an 05p(l^) -invariant which is not 74-invariant. Let / depend on n — 1 even 
and 2r odd generic vectors Vi, ... , ^27. Then there exists a, g E OSp{V ® A) such that 
gSpan{vi, vi^) — Span{ei, 62^). 

Let hCn = — e„ whereas hci = e,j for i ^ n. Then ber(/i) = —1 and f{hgC) = —f{gC). 
But, on the other hand, f{hgC) = f{gC), hence, / = 0. This means that osp(y)-invariants 
other than scalar products may only be of type A corresponding to a typical module. So, 
in the same vein as for A-invariants, we see that dim(V*^)°^'''^^^ = 1 if A is typical and its 
first n rows are of odd lengths whereas the remaining rows are of even lengths. If we do not 
consider the scalar products, then for the other (atypical) A there are no invariants. 

Under the canonical homomorphism T''{V*) ®T''{W) — > S''{V* ® W) the module V*^ (g) 
turns into its copy and a basis of the first copy becomes a basis of the second one. This 
shows that if A is an n x (2r + 1) rectangle, then the polynomials R{J) from the theorem 
constitute a basis of V*^ ® W^, a subspace of S^{V* (g) W). 

For an arbitrary A containing an n x (2r + 1) rectangle we apply the same arguments as 
in the proof of Theorem 2.2. □ 

§6. The invariants of pt{V) 

Suppose dim V — (n|n) , the e* is a basis of Vq and the e| be the dual basis of Vi with respect 
to an odd nondegenerate form on V. Then pt{V) preserves the tensor ^{e* (8) e| + e? (8) e*). 
Observe that the scalar products 

(v,, V,) = Y.^-lY^'\xl ® el, + el ® el) for any s,t e S 

are pe(V^)-invariants. Moreover, the presence of the odd form determines an isomorphism 
of algebras and pe(V)-modules 21^'^ = 'Qjj>+'-'i+^ ^ so, as for the orthosymplectic case, we may 
assume that k — I — Q. 

The compatible Z-grading ol Q{(y) induces compatible Z-gradings of pe(y) and spz(y): 

= 0- e 00 ® 0+, where 0_ = A^(T^), 0+ = S'^{V*) and 0o = Qi{V) or 5i{V) 
(There is also another, isomorphic, representation which we will not use in this paper: 

= 0- © 00 © 0+, where 0_ = K^{V*), 0+ = S^{V) and go = 0^^) or 5i{V).) 

Let Xq, 1 < a < \n{n + 1), be a basis of 0+ and let Yg, 1 < /3 < \n{n — 1), be a basis of 
0_. Set 

x+= J] n 

l<a<|n(n+l) l</3<5n(n-l) 

Observe that the weight of X+ with respect to the Cartan subalgebra is equal to (n + 
1) Yli aiid the weight of Y' is equal to —{n — 1) 5^ ^i- 

6.1. Lemma . Let L — mdg^Qg^{M) = 'mdg^^^g_{N) be a typical irreducible = 0^^)" 
module. There exists an isomorphism of vector spaces 

given by the formulas 

M — > L, m Y~m and N — > L, n ^ X^n 
the inverse map being given by the formulas 

L — > M, l^ X'l and L — > N, I ^ Y+l. 
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Proof. Consider the two gradings of L: 

= Span{f{Xa)n : n E N and deg/ = k) 

and 

Lk = Span{f(Yj3)m : m E M and deg / = k). 
It is clear that = L^2_j^- 

If / is a spe(V^)-invariant, then XJ = (for 1 < a < + 1)) and / = f(Xa)n 

for n E N. Therefore, / = ^ l^, where G We similarly establish that / = 

r>in(ra+l) 

Ij , where Ij E L~ . Hence, J2 It = Taking into account the 

l<s<|n(n-l) r>\n{n+l) l<s<\n(n-l) 

equality Lt = L^2 i, we deduce that I E Lt , , = , and / = X^n = Y~m for some 

n E N and m E M. Moreover, it is clear that m and n are sptiy)^ = s[(Vo)-invariants. 

Conversely, if m and n are s[(Vo)-invariants, then a direct check shows that X~^n and Y~m 
are spe(\^)-invariants. □ 

6.2. Theorem . The algebra of ptiV) -invariants is generated by the scalar products {vs,Vt) 
for s,t E Rw 

Proof See[^, sec. 6.2. □ 

Let / be a sequence of length 2k composed of elements from R^r. Determine the element 
Y{I) E E-{S\Wj) = S-{U{S\W))) by setting 



F(/) = (-l)V.2---2/: 



«2fe-l«2fe ' 



where yij is the canonical image of the element uji ® ujj and P = J2 ~ a)(^2a-i + ^2a)- 

l<a<A: 

6.3. Let A be a partition of the form ( — 1, . . . , ctp — 1) in Frobenius' notations 

(see 0) and t be a tableau of the form A filled in so that the underdiagonal columns the 
diagonal cells including are filled in consequtively with odd (ili "odd"?) numbers while the 
rows to the right of the diagonal are consequtively occupied by even numbers. For a tableau 
of such a form and a sequence I the "periplectic" Pfaffian is defined: 

PPft{I)= e{T)c{I,{ar)-^)Y{arI). (6.3.1) 

T&Ct, creRt 

6.3.1. Theorem . For the above tableau t the family PPft{I) for the t-standard sequences 
I is a basis in the module C E'{S^(W)). 

Proof. From the theory of A-rings it follows that E' {S^{W)) = (BW^, where the sum runs 
over the A of the above described form. One can easily verify that for the tableau as indicated 
in the formulation of the theorem and a t-standard sequence / the image et{wi) in E'{S'^{W)) 
is nonzero. Hence, for a fixed tableau t the canonical map T'^^iW) — > E^{S'^{W)) performes 
an isomorphism of et{T'^^{W)) with W'^ C E^{S'^{W)). This implies the theorem. □ 

6.3.2. Consider now an algebra homomorphism 

E\S\W)) S-{V* ® W), yst ^ {vs^vt). (6.3.2) 

Theorem . The kernel of (6.3.2) is generated by polynomials PPft{I), where t is of the 
form of a {n + 1) X [n + 2) rectangle and is filled in as described in the previous section and 
I is a t-standard sequence with elements from Rw- 
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Proof. Clearly, 

A:A„+i<n A:A„+i<n 

where A is of the same form as stated in Theorem. Since (6.3.2) is a 0((y)-module homomor- 
phism, its kernel is © 1^*"^. The fact that this kernel is generated by the elements of 

A:An+i>n+2 

the least degreee is proved by the same arguments as for osp{V). □ 

§7. The invariants of 3pt{V) 

First, let us describe certain tensor invariants. Let 71 be the set of matrices A whose entries 
are equal to either 1 or 0, with zeroes on the main diagonal and such that Ojj + aji — 1 for 
all offdiagonal entries. Set 

Ai = apg, where the sum runs over all the elements strictly below the i-th row. 

Define 1^41 recursively: for n = 2 set 1^41 = and for n > 2 set 



\A\^\A*\+^ainA* + ^ amQnj + ajj + -n{n - l)(n - 2), 

1=1 l<j<i<n i>j 

where A* is obtained from A by striking out the last row and the last column. 

7.1. Lemma . Y~ — YliEjj — Ej^i) — J2 (— where the product runs over the 

i<j ' ' AgTi 

lexicografically ordered set of pairs i < j and Ea = H -^^j^ where the last product is 
taken over the rows of the matrix A from left to right and downwards. 

Proof. Clearly, Y~ is the product of |n(n — 1) factors. In each factor, select either Ejj or 
j. In the first case, for Ejj, set Uij — 1 and aj^i = in the second case set the other way 
round. We get a matrix with the properties desired. The sign is obtained after reordering 
of the sequence of the Uij: 

012021013031 . . . Oi„0„i . . . an-l,nO'n,n-l ^ O12O13 . . . Oi„ . . . 0„_i^„0„iO„2 ■ ■ ■ On,n-l- 

This is performed by induction: first, the pairs ainttni arc moved to the end in increasing 
order, this accrues the exponent of the sign with |n(n — l)(n — 2), then we reorder the 
elements with indices lesser than n, which adds \A*\, then the elements of the sequence 
aina„i02„o„2 ■ ■ ■ an-i,nan,n-i are rearranged into the sequence Oi„ . . . o„_i,„o„iO„2 ■ ■ ■ Qn.n-i 
which adds ^ ctinO'ni to the exponent, and, finally, the elements Oi„, . . . , o„_i^„ are placed 

j<i 

n-2 

onto the end of the i-th row adding ^ cun^t- Besides, if i > j, then Ej^j enters Y~ with a 

1=1 

minus sign; this adds ^ Ojj. □ 

i>j 

7.2. the numbers i and j we be referred to as conjugate ii i = j, i.e., they are equal but 
belong to copies of N of distinct "parity". Let T2 be the set of sequences of length 
considered as n x n-tableaux filled in along columns and with the following properties: the 
numbers symmetric with respect to the main diagonal are conjugate, the (i,j)-th entry is 
occupied with one of the numbers i or j, the main diagonal is filled in with "odd" numbers 
1, . . . , n. For every L E T2 determine the matrix A = (aij) by setting Ojj = p{lij), n{L) = 
#("even" elements in L), m{L) = m{A) = ^ aij, e{L) = let mk{L) = 

i is "even" 

((n+fc)!)" 



((^+''y-r where /• = T a 
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Theorem . The elements 

(^{-l)'"'^''^e{L)m,{L)vl ® for Le% 



and 



are spt{V)-invariant. 



et e{L)mo{L)vl v}^ for L e T2 



Proof. Let r he an {n + k) x n rectangle filled in along columns. Set w — v}^^^. Denote by 



w: 



'I ■ ■ ■ wj^ the tensor obtained from w by replacing the elements occupying positions ii, . . . , 
ip with numbers ji, ... , jp, respectively. Then 

CriEnjw) = {-iy-'^eriwl){n + k), 

where i is any of the numbers of the positions occupied by n. 

If EAr, — Yl^n"/ ^ product being ordered in order of increase of indices j, then 

where {ji, ...,ji} = {j \ a^j 7^ 0} and / = ^ a^j, where ii < • • • < i;. 

j 

Assume that {ii, . . . ,ii} = {a + ji — 1, . . . ,a + ji — 1}, where a is the number of the first 
element in the n-th column of tableau r. We thus get 

By continuing the process we get 

where £(^4) = ai + • • • + a„ + n(/l„) + n(y4„_i) + ■ ■ ■ + n{Ai) and is the number of the 
first element in the ith column and where n{Ai) is equal to the sum of the numbers of the 
places occupied by the I's, and where Ia coinsides with Jn+k everywhere unless the Ojj = 1; 
then the (ij)-th entry of Ia is occupied by j. 

If / and J are two sequences and t and s are two tableaux of the same form such that after 
filling t with the elements from I and s with the elements from J one gets geometrically 
identical pictures, then at — s implies al — J. Indeed, 

I{a~^a) = t{a~^a) = s{a) = J{a). 

Therefore, if cri = r, we have 

because thanks to the fact that Jn+k only contains "odd" elements c{Jn+k, c) — sign{a). 
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Hence, 



where 



c{Ia, cr) = \A2\ ■ k + lA^l ■ k ■ ■ ■ = k Oj 



I IS even 

and where Ja coinsides with Jn everywhere unless where aij = 1, then the (z, j)the position 
is occupied by j. We are done. □ 

7.3. Theorem . The algebra of spe-{V) -invariant polynomials is generated by the following 
elements 

i) {va,Vf3) fora,p G Rwi 

ii) PPfkiJ) = ^{-lY^-^^"'^^h{L)mk^i{L)Pt{L * -h, J) for any t-standard sequence J; 

iii) PPf_k{J) = J2^i^)^oi^)Pt{L * Ik+i, J) for any s-standard sequence J, 
where k > 1 and sums run over Z G 7^. 

Proof, is similar to that of 5.2. □ 
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